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Abstract Let Fq be a finite field of cardinality q, where q is a power of a
prime number p, t ≥ 2 an even number satisfying t 6≡ 1 (mod p) and Fqt an
extension field of Fq with degree t. First, a new trace bilinear form on F
n
qt which
is called ∆-bilinear form is given, where n is a positive integer coprime to q.
Then according to this new trace bilinear form, bases and enumeration of cyclic
∆-self-orthogonal and cyclic ∆-self-dual Fq-linear Fqt -codes are investigated
when t = 2. Furthermore, some good Fq-linear Fq2 -codes are obtained.
Keywords ∆-bilinear form · Fq-linear Fqt -codes · cyclic ∆-self-orthogonal
Fq-linear Fqt -codes · cyclic ∆-self-dual Fq-linear Fqt -codes
1 Introduction
Additive codes over F4 were first introduced in 1998 in [2] connecting these
codes to binary quantum codes. A year later, Fp-linear codes over Fp2 , where p
is prime, were connected in [12] to nonbinary quantum codes. Additive codes
were also generalized and studied in many papers, for example [1,3,7].
Let Fq be a finite field of cardinality q, where q is a power of a prime number
p, and Fqt be an extension field of Fq with degree t. An additive code over F4
is simply an F2-linear subspace of F
n
4 . A natural generalization of this is the
following. An Fq-linear Fqt -code C of length n is an Fq-linear subspace of F
n
qt . C
  Yun Gao
Chern Institute of Mathematics and LPMC, Nankai University, Tianjin, 300071, China
E-mail: gaoyun2014@126.com
Tingting Wu
Chern Institute of Mathematics and LPMC, Nankai University, Tianjin, 300071, China
E-mail: wutingting@mail.nankai.edu.com
Fang-Wei Fu
Chern Institute of Mathematics and LPMC, Nankai University, Tianjin, 300071, China
E-mail: fwfu@nankai.edu.cn
2 Yun Gao et al.
is said to be cyclic if (cn−1, c0, c1, · · · , cn−2) ∈ C for all (c0, c1, · · · , cn−1) ∈ C.
In particular, C is closed under componentwise addition and multiplication
with elements from Fq [6,9,10].
There have been extensive study and application of Fq-linear Fqt -codes,
where t ≥ 2 is an integer. Cao et al. [4] studied the structure and a canonical
form decomposition of any λ-constacyclic Fq-linear code over Fql . Further-
more, Cao et al. [5] gave the structure and canonical form decompositions
of semisimple multivariable Fq-linear codes over Fql . Huffman [8] placed two
different trace inner products on Fq-linear Fqt -codes and examined the case
t = 2 in detail giving specific bases and enumeration for the self-orthogonal
and self-dual cyclic codes. This paper is a generalization of Huffman [8]. 0-
trace bilinear form for all t and γ-trace bilinear form for t even on Fnqt have
been studied in [8]. Sharma and Kaur placed a new trace bilinear form on
F
n
qt which is called the ∗ bilinear form for all t, but they did not consider the
∆-bilinear form for t even. In this paper, we give a new trace bilinear form
on Fnqt which is called ∆-bilinear form for t even, where n is a positive integer
coprime to q, and study the bases and enumeration of cyclic ∆-self-orthogonal
and cyclic ∆-self-dual Fq-linear Fq2 -codes. Our theory and method could be
employed to obtain many good codes, which give the same parameters as the
best known linear codes.
The present paper is organized as follows. In Section 2, we sketch the basic
Lemmas needed in this paper. Section 3 gives a new trace bilinear form on
F
n
qt which is called ∆-bilinear form, where n is a positive integer coprime to
q. According to this new trace bilinear form, bases and enumeration of cyclic
∆-self-orthogonal and cyclic ∆-self-dual Fq-linear Fq2 -codes are investigated,
respectively, in Section 4. Finally, we describe a program to construct cyclic
∆-self-orthogonal and cyclic ∆-self-dual F3-linear F32 -codes of length 7 and
construct some good Fq-linear Fq2 -codes in Section 5.
2 Preliminaries
LetR
(q)
n andR
(qt)
n denote the group algebra Fq[X ]/ 〈X
n − 1〉 and Fqt [X ]/ 〈X
n − 1〉,
respectively, where X is an indeterminate over Fp and any extension field of
Fp, n is a positive integer coprime to q and t ≥ 2 is an integer. As gcd(n, q) = 1,
Xn − 1 has distinct roots and R
(q)
n , R
(qt)
n are semi-simple. Furthermore, R
(q)
n
and R
(qt)
n can be written as a direct sum of its minimal ideals, respectively, all
of which are fields. A minimal ideal is one which does not contain any smaller
nonzero ideal. If C is a linear code over Fqt with parameters [n, k, d], where n
is the length of C, k is the dimension of C and d is the minimum Hamming
distance of C, then C is called maximum distance separable, or MDS for short,
if d = n − k + 1. Throughout this paper, dimKV denotes the dimension of a
finite-dimensional vector space V over the field K.
Let Xn − 1 = m0(X)m1(X) · · ·ms−1(X), where mi(X) is a monic irre-
ducible polynomial over Fq for 0 ≤ i ≤ s − 1 and m0(X) = −1 + X . Let η
′
be a fixed primitive nth root of unity over the splitting field of Xn − 1 over
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Fp. Then C
(q)
li
= {li, liq, liq
2, · · · } (mod n) is the q-cyclotomic coset modulo
n and li is chosen so that {η
′k|k ∈ C
(q)
li
} are the roots of mi(X) in a splitting
field of Xn − 1 over Fq, where 0 ≤ i ≤ s− 1.
Next, we sum up some results from [8] and restate it as Lemmas 1 and 2.
Lemma 1 [8, Lemma 1] For any integer l, C
(q)
l = C
(qt)
l ∪C
(qt)
lq ∪· · · ∪C
(qt)
lqa−1
,
where the union is a disjoint union and a = gcd(t, |C
(q)
l |). Furthermore, for
0 ≤ i ≤ a− 1,
|C
(qt)
lqi
| = |C
(qt)
l | =
|C
(q)
l |
gcd(t, |C
(q)
l |)
.
Lemma 2 [8, Theorem 1] The following hold.
(i) Xn − 1 = m0(X)m1(X) · · ·ms−1(X), where mi(X) is a monic irreducible
polynomial over Fq for 0 ≤ i ≤ s − 1 with mi(X) ↔ C
(q)
li
and m0(X) =
−1 +X ↔ C
(q)
0 = {0} and ↔ gives the association between mi(X) and cyclo-
tomic coset.
(ii) For 0 ≤ i ≤ s − 1, mi(X) = Mi,0(X)Mi,1(X) · · ·Mi,si−1(X), where
Mi,j(X) is a monic irreducible polynomial over Fqt with Mi,j(X) ↔ C
(qt)
liqj
for 0 ≤ j ≤ si − 1. Also m0(X) = −1 + X = M0,0(X) ↔ C
(qt)
0 = {0} with
s0 = 1. Furthermore, the factorization of X
n − 1 into monic irreducible poly-
nomials over Fqt is given by X
n − 1 =
∏s−1
i=0
∏si−1
j=0 Mi,j(X).
(iii) For 0 ≤ i ≤ s − 1, degmi(X) = |C
(q)
li
|. In addition, si = gcd(t, |C
(q)
li
|)
and degMi,j(X) = |C
(qt)
liqj
| = |C
(q)
li
|
/
gcd(t, |C
(q)
li
|) for 0 ≤ j ≤ si − 1.
(iv) R
(q)
n = K0 ⊕ K1 ⊕ · · · ⊕ Ks−1, where Ki ↔ C
(q)
li
and Ki is the ideal of
R
(q)
n generated by mˆi(X) = (X
n − 1)/mi(X). Ki ∼= Fqdi , where di = |C
(q)
li
|
and KiKj = {0} if i 6= j.
(v) R
(qt)
n = I0,0 ⊕ I1,0 ⊕ · · · ⊕ I1,s1−1 ⊕ · · · ⊕ Is−1,0 ⊕ · · · ⊕ Is−1,ss−1−1,
where Ii,j ↔ C
(qt)
liqj
and Ii,j is the ideal of R
(qt)
n generated by Mˆi,j(X) =
(Xn − 1)/Mi,j(X). Ii,j ∼= FqtDi , where Di = |C
(qt)
liqj
| = di/si for 0 ≤ i ≤
s− 1, 0 ≤ j ≤ si − 1 and Ii,jIi′,j′ = {0} if (i, j) 6= (i
′, j′).
The relationship between the minimal ideals Ki and Ii,j determines the
nature of the containment R
(q)
n ⊂ R
(qt)
n . Huffman [8] defined the ring auto-
morphism τqw ,u : R
(qr)
n → R
(qr)
n as τqw ,u(
n−1∑
k=0
akX
k) =
n−1∑
k=0
aq
w
k X
uk, where
w, r, u are integers with 0 ≤ w ≤ r, 1 ≤ u ≤ n − 1 and gcd(u, n) = 1. When
r = t, the map τqw ,u : R
(qt)
n → R
(qt)
n is a ring automorphism and permutes
the minimal ideals Ii,j given in Lemma 2 (v). This permutation action can be
described completely by the cyclotomic cosets.
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Lemma 3 [8, Lemma 2] For 0 ≤ i ≤ s − 1 and 0 ≤ j ≤ si − 1, we have
τqw ,u(Ii,j) = Ii′,j′ , where i
′ and j′ are determined as follows. If Ii,j ↔ C
(qt)
l ,
then Ii′,j′ ↔ C
(qt)
lu−1qw
.
In [8], we have Ki ⊂ Ji = Ii,0⊕Ii,1⊕ · · · ⊕ Ii,si−1 for 0 ≤ i ≤ s− 1. So we
can determine the precise containment.
Lemma 4 [8, Theorem 2] For 0 ≤ i ≤ s− 1,
Ki = {f(X) ∈ Ji|τq,1(f(X)) = f(X)}
= {c(X) + τq,1(c(X)) + · · ·+ τqsi−1,1(c(X))|c(X) ∈ Ii,0
and τqsi ,1(c(X)) = c(X)}.
Now, we define the trace map TrQ,r : FQr → FQ by TrQ,r(b) =
∑r−1
w=0 b
Qw
for b ∈ FQr , where Q is a power of q and r is a positive integer. Let t = 2
am,
A = 2a−1 and Q = qA, where a ≥ 1 and m is odd. Then t = 2Am. Since
2A |t , FQ2 = Fq2A is a subfield of Fqt . By [8], there exists an element 0 6= γ ∈
FQ2 ⊆ Fqt such that TrQ,2(γ) = γ + γ
Q = 0, so γQ = −γ. When t = 2, we
have γq = −γ. Huffman [8] determined the Hermitian trace inner product as
follows.
〈a, b〉γ =
n−1∑
i=0
Trq,t(γaib
qt/2
i ) =
n−1∑
i=0
t−1∑
w=0
(γaib
qt/2
i )
qw
,
where a = (a0, a1, · · · , an−1), b = (b0, b1, · · · , bn−1) ∈ F
n
qt . Then, the Hermi-
tian trace bilinear form on R
(qt)
n was determined as bellow.
(a(X), b(X))γ =
t−1∑
w=0
τqw ,1(γa(X)τqt/2,−1(b(X))),
where a(X) = a0+a1X+· · ·+an−1X
n−1, b(X) = b0+b1X+· · ·+bn−1X
n−1 ∈
R
(qt)
n .
If a = (a0, a1, . . . , an−1) ∈ F
n
qt , define σ(a) = (an−1, a0, a1, . . . , an−2) is the
cyclic shift of a. A permutation µ of {0, 1, 2, . . . , s−1} is defined by τ1,−1(Ji) =
τqt/2,−1(Ji) = Jµ(i) for 0 ≤ i ≤ s−1. At the end of this section, we list several
basic Lemmas 5-7 needed in the following sections.
Lemma 5 [8, Theorem 7] Let C = C0 ⊕ C1 ⊕ · · · ⊕ Cs−1 and C
⊥γ = C
′
0 ⊕ C
′
1 ⊕
· · · ⊕ C
′
s−1, where C
⊥γ = {v ∈ Fnqt |〈c, v〉γ = 0 for all c ∈ C}, Ci = C ∩ Ji and
C
′
i = C
⊥γ ∩ Ji for all 0 ≤ i ≤ s− 1. Then, for each i, we have
C
′
µ(i) = {a(X) ∈ Jµ(i)|(c(X), a(X))γ = 0 for all c(X) ∈ Ci}.
Furthermore, if the Ki-dimension of Ci is ki, then the Kµ(i)-dimension of C
′
µ(i)
is t− ki.
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Lemma 6 [8, Lemma 10] Suppose that µ(i) = i, where 1 ≤ i ≤ s − 1. The
following hold.
(i) di is even unless n is even and li = n/2.
(ii) If n is even, for some 1 ≤ i# ≤ s − 1, then li# = n/2, C
(q)
l
i#
= C
(qt)
l
i#
=
{n/2}, di# = si# = 1 and µ(i
#) = i#.
(iii) If i 6= i# and si is odd, then τ1,−1(Ii,j) = Ii,j for all 0 ≤ j < si.
(iv) If i 6= i# and si is even, then either τ1,−1(Ii,j) = Ii,j for all 0 ≤ j < si
or τ1,−1(Ii,j) = Ii,j+si/2 for all 0 ≤ j < si, where the second subscript is
computed modulo si.
(v) If i 6= i# and τ1,−1(Ii,0) = Ii,0, then Di is even and −li ≡ liq
Di/2 (mod
n).
Lemma 7 [8, Lemma 11] If n is even, let i# be chosen so that li# = n/2.
The following hold.
(i) τ1,−1 is the identity map on J0 and τq,1(a(X)) = a(X)
q for all a(X) ∈ J0.
(ii) If n is even, then τ1,−1 is the identity map on Ji# = Ii#,0 and τq,1(a(X)) =
a(X)q for all a(X) ∈ Ji# .
(iii) Suppose i 6= 0 and i 6= i#. If τ1,−1(Ii,j) = Ii,j, then µ(i) = i and
τ1,−1(a(X)) = a(X)
qtDi/2 for all a(X) ∈ Ii,j .
(iv) Suppose i 6= 0, i 6= i# and t is even. If τqt/2,−1(Ii,j) = Ii,j, then µ(i) = i
and τqt/2,−1(a(X)) = a(X)
qtDi/2 for all a(X) ∈ Ii,j.
(v) If i 6= 0, i 6= i# and t is even, there does not exist j with 0 ≤ j < si such
that both τ1,−1(Ii,j) = Ii,j and τqt/2,−1(Ii,j) = Ii,j hold.
3 ∆-Trace bilinear form on Fn
qt
and R(q
t)
n
In this section, we define a new trace bilinear form on Fnqt and R
(qt)
n for any
even integer t ≥ 2 satisfying t 6≡ 1 (mod p) and study its properties. We need
the following Lemma.
Lemma 8 Let t = 2am ≥ 2 be an even integer satisfying t 6≡ 1 (mod p),
where a ≥ 1 and m is odd. Then there exists an element γ ∈ Fq2a ⊆ Fqt with
γ 6= 0 such that γ + γq
2a−1
= 0. Thus the map ψ : Fqt → Fqt defined as
ψ(α) = αq + αq
2
+ · · · + αq
t−1
= Trq,t(α) − α is an Fq-linear vector space
automorphism, where α ∈ Fqt .
Proof The result will be proved if we can show ψ is an injective Fq-linear
vector space automorphism. It can easily be verified that ψ is an Fq-linear
map. It remains to show that the kernel of ψ denoted by Ker(ψ) is {0}. If
α ∈ Ker(ψ), then ψ(α) = αq + αq
2
+ · · · + αq
t−1
= 0. Furthermore, we have
ψ(α)q = α+αq
2
+ · · ·+αq
t−1
= 0. Then, we obtain ψ(α)−ψ(α)q = αq−α = 0,
which implies αq
u
= α for each integer u (1 ≤ u ≤ t − 1). This implies that
(t − 1)α = ψ(α) = 0. As t 6≡ 1 (mod p), we have (t − 1)α = 0 if and only if
α = 0. The proof is completed.
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Now, we define a trace inner product (·, ·)∆ : F
n
qt × F
n
qt → Fq as
(a, b)∆ =
n−1∑
j=0
Trq,t(γajψ(b
qt/2
j ))
for all a = (a0, a1, · · · , an−1), b = (b0, b1, · · · , bn−1) in F
n
qt . In the following
Lemma, we prove that the trace inner product (·, ·)∆ is a non-degenerate trace
bilinear form on Fnqt for any prime power q.
Lemma 9 For a, b, c ∈ Fnqt and α ∈ Fq, the following hold.
(i) (a, b)∆ ∈ Fq.
(ii) (a, b+ c)∆ = (a, b)∆ + (a, c)∆ and (a+ b, c)∆ = (a, c)∆ + (b, c)∆.
(iii) (αa, b)∆ = (a, αb)∆ = α(a, b)∆.
(iv) (·, ·)∆ is non-degenerate.
Proof To prove these results, we let a = (a0, a1, · · · , an−1), b = (b0, b1, · · · , bn−1)
and c = (c0, c1, · · · , cn−1), where ai, bi, ci ∈ Fqt for all 0 ≤ i ≤ n− 1.
(i) As (a, b)∆ =
n−1∑
i=0
Trq,t(γaiψ(b
qt/2
i )) and Trq,t(γaiψ(b
qt/2
i )) ∈ Fq for
0 ≤ i ≤ n− 1, (i) holds.
Parts (ii) and (iii) follow because Trq,t is Fq-linear.
(iv) To prove this, we need to show that if (a, b)∆ = 0 for all b ∈ F
n
qt ,
then a = 0. Suppose, on the contrary, that there exists a non-zero a =
(a0, a1, · · · , an−1) ∈ F
n
qt such that (a, b)∆ = 0 for all b ∈ F
n
qt . In particu-
lar, let aj 6= 0 for some j. As Trq,t is an onto map and γ 6= 0, there exists
d ∈ Fqt such that Trq,t(γajψ(d
qt/2)) 6= 0. Let b = (b0, b1, · · · , bn−1) ∈ F
n
qt ,
where bi = 0 for all i 6= j and bj = d. Then, Trq,t(γajψ(b
qt/2
j )) 6= 0. This leads
to a contradiction.
Next, we define a form [·, ·]∆ : R
(qt)
n ×R
(qt)
n →R
(q)
n as follows.
[a(X), b(X)]∆ =
t−1∑
u=0
τqu,1(γa(X)
t−1∑
w=1
τqt/2+w,−1(b(X)))
for all a(X), b(X) ∈ R
(qt)
n . We prove a result for this form analogous to Lemma
9 as follows.
Lemma 10 Let a(X), b(X), c(X) ∈ R
(qt)
n . The following hold.
(i) [a(X), b(X)]∆ =
n−1∑
k=0
(a, σk(b))∆X
k.
(ii) [a(X), b(X)]∆ ∈ R
(q)
n .
(iii) [a(X), b(X) + c(X)]∆ = [a(X), b(X)]∆ + [a(X), c(X)]∆ and
[a(X) + b(X), c(X)]∆ = [a(X), c(X)]∆ + [b(X), c(X)]∆.
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(iv) For f(X) ∈ R
(q)
n , we have [f(X)a(X), b(X)]∆ = f(X)[a(X), b(X)]∆ and
[a(X), f(X)b(X)]∆ = τ1,−1(f(X))[a(X), b(X)]∆.
(v) [·, ·]∆ is non-degenerate.
Proof (i) According to the definition of [·, ·]∆, it follows that [a(X), b(X)]∆ =
t−1∑
u=0
τqu,1(γa(X)
t−1∑
w=1
τqt/2+w,−1(b(X))). For γa(X)
t−1∑
w=1
τqt/2+w,−1(b(X)), we have
the following results.
(1) When w = 1, we have
γa(X)τqt/2+1,−1(b(X))
= γ(a0 + a1X + a2X
2 + a3X
3 + · · ·+ an−2X
n−2 + an−1X
n−1)
·(b0
qt/2+1 + bq
t/2+1
n−1 X + b
qt/2+1
n−2 X
2 + · · ·+ bq
t/2+1
2 X
n−2 + bq
t/2+1
1 X
n−1)
= c0,1 + c1,1X + c2,1X
2 + · · ·+ cn−2,1X
n−2 + cn−1,1X
n−1,
where
c0,1 = γ(a0b
qt/2+1
0 + a1b
qt/2+1
1 + a2b
qt/2+1
2 + · · ·+ an−2b
qt/2+1
n−2 + an−1b
qt/2+1
n−1 );
c1,1 = γ(a0b
qt/2+1
n−1 + a1b
qt/2+1
0 + a2b
qt/2+1
1 + · · ·+ an−2b
qt/2+1
n−3 + an−1b
qt/2+1
n−2 );
c2,1 = γ(a0b
qt/2+1
n−2 + a1b
qt/2+1
n−1 + a2b
qt/2+1
0 + · · ·+ an−2b
qt/2+1
n−4 + an−1b
qt/2+1
n−3 );
· · ·
cn−2,1 = γ(a0b
qt/2+1
2 + a1b
qt/2+1
3 + a2b
qt/2+1
4 + · · ·+ an−2b
qt/2+1
0 + an−1b
qt/2+1
1 );
cn−1,1 = γ(a0b
qt/2+1
1 + a1b
qt/2+1
2 + a2b
qt/2+1
3 + · · ·+ an−2b
qt/2+1
n−1 + an−1b
qt/2+1
0 ).
(2) When w = 2, we have
γa(X)τqt/2+2,−1(b(X))
= γ(a0 + a1X + a2X
2 + a3X
3 + · · ·+ an−2X
n−2 + an−1X
n−1)
·(b0
qt/2+2 + bq
t/2+2
n−1 X + b
qt/2+2
n−2 X
2 + · · ·+ bq
t/2+2
2 X
n−2 + bq
t/2+2
1 X
n−1)
= c0,2 + c1,2X + c2,2X
2 + · · ·+ cn−2,2X
n−2 + cn−1,2X
n−1,
where
c0,2 = γ(a0b
qt/2+2
0 + a1b
qt/2+2
1 + a2b
qt/2+2
2 + · · ·+ an−2b
qt/2+2
n−2 + an−1b
qt/2+2
n−1 );
c1,2 = γ(a0b
qt/2+2
n−1 + a1b
qt/2+2
0 + a2b
qt/2+2
1 + · · ·+ an−2b
qt/2+2
n−3 + an−1b
qt/2+2
n−2 );
c2,2 = γ(a0b
qt/2+2
n−2 + a1b
qt/2+2
n−1 + a2b
qt/2+2
0 + · · ·+ an−2b
qt/2+2
n−4 + an−1b
qt/2+2
n−3 );
· · ·
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cn−2,2 = γ(a0b
qt/2+2
2 + a1b
qt/2+2
3 + a2b
qt/2+2
4 + · · ·+ an−2b
qt/2+2
0 + an−1b
qt/2+2
1 );
cn−1,2 = γ(a0b
qt/2+2
1 + a1b
qt/2+2
2 + a2b
qt/2+2
3 + · · ·+ an−2b
qt/2+2
n−1 + an−1b
qt/2+2
0 ).
The rest, 3 ≤ w ≤ t− 1, can be done in the same manner. Therefore, we have
γa(X)
t−1∑
w=1
τqt/2+w,−1(b(X)) =
n−1∑
k=0


n−1∑
i,j=0
i−j≡k ( mod n)
γaiψ(b
qt/2
j )X
k

.
Then, we have
[a(X), b(X)]∆ =
t−1∑
u=0
τqu,1

n−1∑
k=0

 n−1∑
i,j=0
i−j≡k ( mod n)
γaiψ(b
qt/2
j )X
k




= (a, b)∆ + (a, σ(b))∆X + · · ·+ (a, σ
(n−1)(b))∆X
n−1,
where the cyclic shift σ(b) = (bn−1, b0, b1, · · · , bn−2) of b = (b0, b1, · · · , bn−1) ∈
F
n
qt is identified with Xb(X) ∈ R
(qt)
n , (i) holds.
(ii) It follows from part (i) and Lemma 9 (i).
(iii) As τqu,1 and τqu,−1 are ring automorphisms for any integer u ≥ 0, part
(iii) follows immediately.
(iv) For f(X) ∈ R
(q)
n , as τq,1(f(X)) = f(X), we have τqt/2,−1(f(X)) =
τ1,−1(f(X)). From this, (iv) holds.
(v) Part (v) will be proved by showing that if [a(X), b(X)]∆ = 0 for all
b(X) ∈ R
(qt)
n , then a(X) = 0. If not, there would exists j (0 ≤ j ≤ n− 1) such
that aj 6= 0. Since Trq,t is an onto map and γ 6= 0, there exists θ ∈ Fqt such
that Trq,t(γθ) 6= 0. Then for b(X) = ψ
−1(θa−1j X
−j), let a = (a0, a1, · · · , an−1)
where ai = 0 for all i 6= j and aj 6= 0. By part (i), we have [a(X), b(X)]∆ =
Trq,t(γθ) 6= 0, which is a contradiction.
Now we proceed to study the dual codes of cyclic Fq-linear Fqt-code C of
length n with respect to this new trace bilinear form (·, ·)∆ on F
n
qt .
4 Dual codes of cyclic Fq-linear Fqt-codes
Let C be a cyclic Fq-linear Fqt -code of length n, where gcd(n, q) = 1. Then,
the ∆-dual code of C is defined as C⊥∆ = {v ∈ Fnqt |(c, v)∆ = 0 for all c ∈ C}. It
is easy to verify that the dual code C⊥∆ is also an Fq-linear Fqt -code of length
n. Furthermore, if C is cyclic, then its dual code C⊥∆ is also cyclic. From now
onwards, throughout this paper, we will view the cyclic Fq-linear Fqt -code C
of length n and its ∆-dual code C⊥∆ as R
(q)
n -submodule of R
(qt)
n , respectively.
In addition, if C ⊆ R
(qt)
n is any cyclic Fq-linear Fqt -code, then one can easily
obtain its dual code C⊥∆ ⊆ R
(qt)
n with respect to trace bilinear form [., .]∆.
A new trace bilinear form on cyclic Fq-linear Fqt -codes 9
Next, we study the properties of the ∆-dual codes of cyclic Fq-linear Fqt-
codes of length n. For the ring automorphism τqu,−1 (0 ≤ u ≤ t − 1) on the
ideal Ji (0 ≤ i ≤ s− 1) of R
(qt)
n , we observe that C
(q)
−l0
= C
(q)
l0
, and further for
each i (1 ≤ i ≤ s−1), there exists a unique integer i′ (1 ≤ i′ ≤ s−1) satisfying
C
(q)
−li
= C
(q)
li′
. This gives rise to a permutation µ of {0, 1, 2, . . . , s − 1} defined
by C
(q)
−li
= C
(q)
lµ(i)
for 0 ≤ i ≤ s− 1. It is not difficult to show that µ(0) = 0 and
µ(µ(i)) = i for 0 ≤ i ≤ s − 1. That is, µ is either the identity permutation
or a product of transpositions. When n is even, by Lemma 6, there exists an
integer i# (1 ≤ i# ≤ s − 1) satisfying C
(q)
l
i#
= C
(q)
n
2
= {n2 }, as q is odd. Note
that C
(q)
−l
i#
= C
(q)
l
i#
, so µ(i#) = i#. With the help of the above concepts, we
give the following Lemma.
Lemma 11 Let u (0 ≤ u ≤ t−1) be a fixed integer. Then we have τqu,−1(Ji) =
Jµ(i) for 0 ≤ i ≤ s− 1.
Proof Working in a similar way as in Lemma 8 of Huffman [8], the result
follows.
We are interested in the relationship between C and C⊥∆ viewed as R
(q)
n -
submodules of R
(qt)
n . The following result will prove quite useful.
Lemma 12 Let ai(X), bi(X) ∈ Ji for 0 ≤ i ≤ s− 1. If a(X) =
∑s−1
i=0 ai(X)
and b(X) =
∑s−1
i=0 bi(X), then [a(X), b(X)]∆ =
∑s−1
i=0 [ai(X), bµ(i)(X)]∆.
Proof By Lemma 10 (iii), we have [a(X), b(X)]∆ =
∑s−1
i=0
∑s−1
j=0 [ai(X), bj(X)]∆.
It suffices to prove the result in the case that [ai(X), bj(X)]∆ = 0 if j 6= µ(i).
By Lemma 11, we have
t−1∑
w=1
τqt/2+w,−1(bj(X)) ∈ Jµ(j). If j 6= µ(i), then we
have µ(j) 6= µ(µ(i)) = i. By Lemma 2, we have that JiJµ(j) = {0} implying
γai(X)
t−1∑
w=1
τqt/2+w,−1(bj(X)) = 0. By the definition of [., .]∆, this shows that
[ai(X), bj(X)]∆ = 0 if j 6= µ(i).
Corollary 1 Let a, b ∈ Fnqt be identified with a(X) =
∑s−1
i=0 ai(X) and b(X) =∑s−1
i=0 bi(X), respectively, where ai(X), bi(X) ∈ Ji for 0 ≤ i ≤ s − 1. Then
b ∈ C⊥∆ if and only if [ai(X), bµ(i)(X)]∆ = 0 for all 0 ≤ i ≤ s − 1 and all
a ∈ C.
Proof Since C is cyclic, b ∈ C⊥∆ if and only if (a, b)∆ = 0 for all a ∈ C if
and only if (a, σk(b))∆ = 0 for all a ∈ C and any integer k if and only if
[a(X), b(X)]∆ = 0 for all a(X) ∈ C by Lemma 10 (i). By Lemma 12, we have
[a(X), b(X)]∆ =
∑s−1
i=0 [ai(X), bµ(i)(X)]∆. For 0 ≤ i ≤ s− 1, by definitions of
µ and [., .]∆, we have [ai(X), bµ(i)(X)]∆ ∈ Ji. Therefore, as R
(qt)
n = J0⊕J1⊕
· · ·⊕Js−1 is a direct sum, [a(X), b(X)]∆ =
∑s−1
i=0 [ai(X), bµ(i)(X)]∆ = 0 if and
only if [ai(X), bµ(i)(X)]∆ = 0 for all 0 ≤ i ≤ s− 1. The proof is completed.
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According to Lemma 5, we have the following Theorem.
Theorem 1 Let C be a cyclic Fq-linear Fqt-code of length n and C
⊥∆ the dual
code of C. Then we have C = C0 ⊕ C1 ⊕ · · · ⊕ Cs−1 and C
⊥∆ = C
(∆)
0 ⊕ C
(∆)
1 ⊕
· · ·⊕C
(∆)
s−1, where Ci = C ∩Ji and C
(∆)
i = C
⊥∆ ∩Ji for all 0 ≤ i ≤ s− 1. Thus,
for each i, we have
C
(∆)
µ(i) = {a(X) ∈ Jµ(i)|[c(X), a(X)]∆ = 0 for all c(X) ∈ Ci}.
Furthermore, if the Ki-dimension of Ci is ki, then the Kµ(i)-dimension of C
(∆)
µ(i)
is t− ki.
Proof The proof of this result is quite similar to Theorem 7 of [8] and so is
omitted.
In addition, a cyclic Fq-linear Fqt -code C of length n is said to be cyclic
∆-self-orthogonal if it satisfies C ⊆ C⊥∆ , and it is called cyclic ∆-self-dual if
it satisfies C = C⊥∆ . Cyclic ∆-self-orthogonal and cyclic ∆-self-dual Fq-linear
Fqt -codes are characterized in the following Lemma.
Lemma 13 Let C be a cyclic Fq-linear Fqt-code of length n and C
⊥∆ the dual
code of C. Let us write C = C0⊕C1⊕· · ·⊕Cs−1 and C
⊥∆ = C
(∆)
0 ⊕C
(∆)
1 ⊕· · ·⊕
C
(∆)
s−1, where Ci = C ∩ Ji and C
(∆)
i = C
⊥∆ ∩ Ji for all 0 ≤ i ≤ s− 1. Then,
(i) C is cyclic ∆-self-orthogonal if and only if Ci ⊆ C
(∆)
i for all 0 ≤ i ≤ s− 1.
(ii) C is cyclic ∆-self-dual if and only if Ci = C
(∆)
i for all 0 ≤ i ≤ s− 1.
Proof The proof is trivial.
Now we consider the case t = 2 and study cyclic ∆-self-orthogonal and
cyclic ∆-self-dual Fq-linear Fq2 -codes. It is not difficult to find that, when
t = 2, the minimal ideal Ii,j of R
(q2)
n is the finite field of order q2Di for
0 ≤ i ≤ s − 1 and 0 ≤ j ≤ si − 1, where Di =
di
si
and si = gcd(2, di). For
0 ≤ i ≤ s − 1, we choose primitive elements ρi,0(X), ρi,1(X), · · · , ρi,si−1(X)
of Ii,0, Ii,1, · · · , Ii,si−1, respectively, satisfying τqj ,1(ρi,0(X)) = ρi,j(X) and
ei,j(X) the identity of Ii,j for all 0 ≤ j ≤ si − 1.
4.1 Cyclic ∆-self-orthogonal Fq-linear Fq2 -codes
The bases of all cyclic ∆-self-orthogonal Fq-linear Fq2 -codes of length n are
determined in the following Theorem, where gcd(n, q) = 1.
Theorem 2 Let t = 2, q be a power of the prime p and gcd(n, q) = 1. Let
C be a cyclic Fq-linear Fq2-code of length n and C
⊥∆ the dual code of C. We
write C = C0 ⊕ C1 ⊕ · · · ⊕ Cs−1 and C
⊥∆ = C
(∆)
0 ⊕ C
(∆)
1 ⊕ · · · ⊕ C
(∆)
s−1, where
Ci = C ∩ Ji and C
(∆)
i = C
⊥∆ ∩ Ji for all 0 ≤ i ≤ s − 1. Then C is cyclic
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∆-self-orthogonal if and only if for each i (0 ≤ i ≤ s− 1), the following hold.
(i) When i = 0 or, if n is even, i = i#, then
(a) Ci = {0}, or
(b) Ci is a 1-dimensional Ki-subspace of Ji with basis {ρi,0(X)
k}, where
k = 0 when q is even and k = q+12 when q is odd.
(ii) When i 6= 0, i 6= i#, µ(i) = i and τ1,−1(Ii,0) = Ii,0, then
(a) Ci = {0}, or
(b) Ci is 1-dimensional over Ki with basis {ei,0(X) + ρi,1(X)
k}, where
k = (qdi/2 − 1)m for 0 ≤ m ≤ qdi/2.
(iii) When i 6= 0, i 6= i#, µ(i) = i and τ1,−1(Ii,0) = Ii,1, then
(a) Ci = {0}, or
(b) Ci is 1-dimensional over Ki with bases {ei,0(X)}, {ei,1(X)} and {ei,0(X)+
ρi,1(X)
k}, where k = (qdi/2 + 1)m for 0 ≤ m ≤ qdi/2 − 2.
(iv) When µ(i) 6= i and di is odd,
(a) if Ci = {0}, then Cµ(i) ⊆ Jµ(i);
(b) if Ci = Ji, then Cµ(i) = {0};
(c) if Ci is 1-dimensional over Ki with basis {ρi,0(X)
k}, where 0 ≤ k ≤ qdi ,
then Cµ(i) ⊆ C
(∆)
µ(i) with {ρµ(i),0(X)
k′} the basis of C
(∆)
µ(i) over Kµ(i), where
k′ = k = 0 or k′ = qdi + 1− k for 1 ≤ k ≤ qdi .
(v) When µ(i) 6= i and di is even,
(a) if Ci = {0}, then Cµ(i) ⊆ Jµ(i);
(b) if Ci = Ji, then Cµ(i) = {0};
(c) if Ci is 1-dimensional over Ki with basis {a(X)}, then Cµ(i) ⊆ C
(∆)
µ(i) with
{a′(X)} the basis of C
(∆)
µ(i) over Kµ(i), where a
′(X) = eµ(i),0(X) + ρµ(i),1(X)
k′
when a(X) = ei,0(X) + ρi,1(X)
k with k′ = k = 0 or k′ = qdi − 1 − k for
1 ≤ k ≤ qdi − 2.
Proof (i) Suppose that µ(i) = i. Since Ci ⊆ C
(∆)
i = C
(∆)
µ(i) and the sum of the
Ki-dimensions of Ci and C
(∆)
µ(i) is at most 2, by Lemma 5, either Ci is {0} or Ci
is 1-dimensional over Ki and Ci = C
(∆)
i .
Assume that i = 0 or, if n is even, i = i#. In this case, by Lemma 2
(iv), (v) and Lemma 6 (ii), we have di = si = Di = 1, Ji = Ii,0 ∼= Fq2 and
Ki ∼= Fq. By the proof of Theorem 8 (i) of Huffman [8], we have {ρi,0(X)
k} are
bases of the q+1 distinct 1-dimensional Ki-subspaces of Ji, where 0 ≤ k ≤ q.
It is simple to show that {ρi,0(X)
k} are bases of Ci, where 0 ≤ k ≤ q. As
Ci = C
(∆)
i , we have [ρi,0(X)
k, ρi,0(X)
k]∆ = 0. By Lemma 7 (i) and (ii), we
have τ1,−1(c(X)) = c(X) and τq,1(c(X)) = c(X)
q for c(X) ∈ Ji. Then, we
have τq,−1(c(X)) = c(X)
q for c(X) ∈ Ji. We will use the observation that
τq,1(γ) = γ
q = −γ throughout the proof.
It is straightforward to show that (a) holds. For (b), we have
[a(X), b(X)]∆ = τ1,1(γa(X)τq2,−1(b(X))) + τq,1(γa(X)τq2,−1(b(X)))
= γa(X)τq2,−1(b(X))− γτq,1(a(X)τq2,−1(b(X))).
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So for 0 ≤ k ≤ q,
[ρi,0(X)
k, ρi,0(X)
k]∆ = γρi,0(X)
kρi,0(X)
kq2 − γρi,0(X)
kqρi,0(X)
kq3 .
As ρi,0(X)
q2 = ρi,0(X) ∈ Ii,0 ∼= Fq2 , we have
[ρi,0(X)
k, ρi,0(X)
k]∆ = γρi,0(X)
kρi,0(X)
k − γρi,0(X)
kqρi,0(X)
kq = 0
if and only if ρi,0(X)
2k(q−1) = ei,0(X) if and only if 2k(q−1) ≡ 0 (mod q
2−1)
if and only if 2k ≡ 0 (mod q+1). When q is even, we have k ≡ 0 (mod q+1).
Thus, we have k = 0. When q is odd, we have k ≡ 0 (mod q+12 ). Since
0 ≤ k ≤ q, we have k = q+12 .
(ii) Now consider the case when µ(i) = i but i /∈ {0, i#}. By Lemma 6 (i)
and Lemma 2, we have di is even implying si = gcd(2, di) = 2 and tDi = 2Di =
di as Di = di/si. Hence, by Lemma 3, Ji = Ii,0 ⊕ Ii,1 and τq,1(Ii,0) = Ii,1.
Using Lemma 2 (iv) and (v), we have Ii,0 ∼= Ii,1 ∼= Ki ∼= Fqdi . As in part (i),
we need the bases of the different 1-dimensional Ki-subspaces of Ji. Since τq2,1
is the identity on R
(q2)
n , by Lemma 4, we have Ki = {c(X)+τq,1(c(X))|c(X) ∈
Ii,0} ∼= Fqdi . Therefore, the bases of the q
di +1 1-dimensional Ki-subspaces of
Ji are {ei,0(X)}, {ei,1(X)} and {ei,0(X) + ρi,1(X)
k}, where 0 ≤ k ≤ qdi − 2.
According to part (i), if Ci is 1-dimensional overKi, then Ci = C
(∆)
i . Assume
that τ1,−1(Ii,j) = Ii,j for 0 ≤ j ≤ 1. By Lemma 7 (iii), we have τ1,−1(c(X)) =
c(X)q
tDi/2
= c(X)q
di/2
for c(X) in either Ii,0 or Ii,1. Recall that
[a(X), b(X)]∆ = γa(X)τq2,−1(b(X))− γτq,1(a(X)τq2,−1(b(X))).
Firstly, since
[ei,0(X), ei,0(X)]∆ = γei,0(X)τq2,−1(ei,0(X))− γτq,1(ei,0(X)τq2,−1(ei,0(X)))
= γei,0(X)ei,0(X)
qdi/2 − γei,1(X)ei,1(X)
qdi/2
= γei,0(X)− γei,1(X) 6= 0.
Similarly, we have [ei,1(X), ei,1(X)]∆ 6= 0. So neither {ei,0(X)} nor {ei,1(X)}
is a basis of Ci. Secondly, we have
[ei,0(X) + ρi,1(X)
k, ei,0(X) + ρi,1(X)
k]∆
= γ(ei,0(X) + ρi,1(X)
k)(ei,0(X)
qdi/2 + ρi,1(X)
kqdi/2)
−γ(ei,1(X) + ρi,0(X)
k)(ei,1(X)
qdi/2 + ρi,0(X)
kqdi/2)
= γ(ei,0(X) + ρi,1(X)
k(qdi/2+1))− γ(ei,1(X) + ρi,0(X)
k(qdi/2+1))
= γ(ei,0(X)− ρi,0(X)
k(qdi/2+1))− γ(ei,1(X)− ρi,1(X)
k(qdi/2+1)).
Then, we have [ei,0(X) + ρi,1(X)
k, ei,0(X) + ρi,1(X)
k]∆ = 0 if and only if
ρi,0(X)
k(qdi/2+1) = ei,0(X) and ρi,1(X)
k(qdi/2+1) = ei,1(X) if and only if
k(qdi/2+1) ≡ 0 (mod qdi − 1) if and only if k ≡ 0 (mod qdi/2− 1) if and only
if k = (qdi/2 − 1)m for 0 ≤ m ≤ qdi/2, since di is even and 0 ≤ k ≤ q
di − 2.
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(iii) By part (ii), assume that τ1,−1(Ii,0) = Ii,1. As τq,1(Ii,0) = Ii,1,
τq,−1(Ii,j) = Ii,j . Recall that, τq2,1 is the identity on R
(q2)
n ,
[a(X), b(X)]∆ = γa(X)τq2,−1(b(X))− γτq,1(a(X)τq2,−1(b(X)))
= γa(X)τ1,−1(b(X))− γτq,1(a(X)τ1,−1(b(X))) .
It is not difficult to verify that, by Lemma 2 (v), [ei,j(X), ei,j(X)]∆ = 0 for
0 ≤ j ≤ 1. So Ci is 1-dimensional over Ki with bases {ei,0(X)} and {ei,1(X)}.
Since
[ei,0(X) + ρi,1(X)
k, ei,0(X) + ρi,1(X)
k]∆
= γ(ei,0(X) + ρi,1(X)
k)(ei,1(X)
qdi/2 + ρi,0(X)
kqdi/2)
−γτq,1((ei,0(X) + ρi,1(X)
k)(ei,1(X)
qdi/2 + ρi,0(X)
kqdi/2))
= γ(ρi,0(X)
kqdi/2 + ρi,1(X)
k)− γ(ρi,1(X)
kqdi/2 + ρi,0(X)
k)
= γ(ρi,0(X)
kqdi/2 − ρi,0(X)
k)− γ(ρi,1(X)
kqdi/2 − ρi,1(X)
k),
[ei,0(X) + ρi,1(X)
k, ei,0(X) + ρi,1(X)
k]∆ = 0 if and only if ρi,0(X)
k(qdi/2−1) =
ei,0(X) and ρi,1(X)
k(qdi/2−1) = ei,1(X) if and only if k(q
di/2 − 1) ≡ 0 (mod
qdi − 1) if and only if k ≡ 0 (mod qdi/2 + 1) if and only if k = (qdi/2 + 1)m,
where 0 ≤ m ≤ qdi/2 − 2 as 0 ≤ k ≤ qdi − 2.
(iv) Now, suppose that µ(i) 6= i and di is odd. By Lemmas 2 and 4,
we have si = gcd(2, di) = 1, Ji = Ii,0 ∼= Fq2Di = Fq2di and Ki = {c(X) ∈
Ii,0|τq,1(c(X)) = c(X)} ∼= Fqdi . As τ1,−1 is an isomorphism of Ji onto Jµ(i), we
have dµ(i) = di, sµ(i) = gcd(2, dµ(i)) = 1, Jµ(i) = Iµ(i),0 ∼= Fq2di and Kµ(i) =
{c(X) ∈ Iµ(i),0|τq,1(c(X)) = c(X)} ∼= Fqdi . τq2,1 is the identity on R
(q2)
n and
hence τq,1 : Ji → Ji is the identity on Ki but not Ji by Lemma 4. Thus, τq,1 is
an automorphism of Ji of order 2 implying τq,1(c(X)) = c(X)
q2di/2 = c(X)q
di
for all c(X) ∈ Ji. Similarly, τq,1(c(X)) = c(X)
qdi for all c(X) ∈ Jµ(i).
By Theorem 1, we have
C
(∆)
µ(i) = {a(X) ∈ Jµ(i)|[c(X), a(X)]∆ = 0 for all c(X) ∈ Ci}
and dimKiCi + dimKµ(i)C
(∆)
µ(i) = t = 2. As Cµ(i) ⊆ C
(∆)
µ(i) is required for cyclic
∆-self-orthogonality, for each possible Ci, we must find C
(∆)
µ(i). It is easy to
show that, as the dimensions add to 2, Ci = {0} implies C
(∆)
µ(i) = Jµ(i) and
Ci = Ji implies C
(∆)
µ(i) = {0}. If Ci is 1-dimensional over Ki, then C
(∆)
µ(i) is 1-
dimensional over Kµ(i). Furthermore, if Ci is 1-dimensional over Ki, then Ci
has basis {ρi,0(X)
k} for some k. As Ki has primitive element ρi,0(X)
qdi+1, Ci
has qdi + 1 different bases {ρi,0(X)
k} for 0 ≤ k ≤ qdi . Now we find k′, where
0 ≤ k′ ≤ qdi , such that [ρi,0(X)
k, ρµ(i),0(X)
k′ ]∆ = 0. Using τ1,−1(ρi,0(X)) =
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ρµ(i),0(X) and τq,1(c(X)) = c(X)
qdi for c(X) ∈ Ji or Jµ(i), we have
[ρi,0(X)
k, ρµ(i),0(X)
k′ ]∆
= γρi,0(X)
kτ1,−1(ρµ(i),0(X)
k′)− γτq,1(ρi,0(X)
kτ1,−1(ρµ(i),0(X)
k′ ))
= γρi,0(X)
k+k′ − γρi,0(X)
(k+k′)qdi
= 0
if and only if ρi,0(X)
(k+k′)(qdi−1) = ei,0(X) if and only if (k + k
′)(qdi − 1) ≡
0 ( mod q2di−1) if and only if k+k′ ≡ 0 ( mod qdi+1) if and only if k′ = k = 0
or k′ = qdi + 1− k for 1 ≤ k ≤ qdi .
(v) Finally, assume that µ(i) 6= i and di is even. From the proof of parts
(ii)-(iv), we have si = 2, Ji = Ii,0 ⊕ Ii,1, Ii,0 ∼= Ii,1 ∼= Fqdi , Ki = {c(X) +
τq,1(c(X))|c(X) ∈ Ii,0} ∼= Fqdi and the q
di + 1 1-dimensional Ki-subspaces of
Ji have bases {ei,0(X)}, {ei,1(X)} and {ei,0(X) + ρi,1(X)
k}, where 0 ≤ k ≤
qdi − 2. In this case, τ1,−1(ρi,j(X)) = ρµ(i),j(X) for 0 ≤ j ≤ 1, τq,1(ρi,0(X)) =
ρi,1(X) and τq,1(ρµ(i),0(X)) = ρµ(i),1(X).
If Ci = {0} or Ci = Ji, (a) and (b) follow as in the proof of part (iv). Now
we consider the basis of C
(∆)
µ(i) when Ci is 1-dimensional over Ki. Then C
(∆)
µ(i) will
be 1-dimensional over Kµ(i). As
[a(X), b(X)]∆ = γa(X)τ1,−1(b(X))− γτq,1(a(X)τ1,−1(b(X))),
we have
[ei,0(X), eµ(i),0(X)]∆
= γei,0(X)τ1,−1(eµ(i),0(X))− γτq,1(ei,0(X)τ1,−1(eµ(i),0(X)))
= γei,0(X)− γei,1(X) 6= 0.
Similarly, [ei,1(X), eµ(i),1(X)]∆ 6= 0. So neither {ei,0(X)} nor {ei,1(X)} is a
basis of Ci. Now we find k
′, where 0 ≤ k′ ≤ qdi − 2, such that
[ei,0(X) + ρi,1(X)
k, eµ(i),0(X) + ρµ(i),1(X)
k′ ]∆ = 0.
By Ii,0Ii,1 = {0}, we have
[ei,0(X) + ρi,1(X)
k, eµ(i),0(X) + ρµ(i),1(X)
k′ ]∆
= γ(ei,0(X) + ρi,1(X)
k)τ1,−1(eµ(i),0(X) + ρµ(i),1(X)
k′)
−γτq,1((ei,0(X) + ρi,1(X)
k)τ1,−1(eµ(i),0(X) + ρµ(i),1(X)
k′ ))
= γ(ei,0(X) + ρi,1(X)
k)(ei,0(X) + ρi,1(X)
k′ )
−γ(ei,1(X) + ρi,0(X)
k)(ei,1(X) + ρi,0(X)
k′)
= γ(ei,0(X) + ρi,1(X)
k+k′ )− γ(ei,1(X) + ρi,0(X)
k+k′ )
= γ(ei,0(X)− ρi,0(X)
k+k′ )− γ(ei,1(X)− ρi,1(X)
k+k′ )
= 0
if and only if ρi,0(X)
k+k′ = ei,0(X) and ρi,1(X)
k+k′ = ei,1(X) if and only if
k + k′ ≡ 0 (mod qdi − 1) if and only if k′ = k = 0 or k′ = qdi − 1 − k for
1 ≤ k ≤ qdi − 2.
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When t = 2, we can count the number of cyclic ∆-self-orthogonal Fq-linear
Fq2 -codes. Let J be the fixed points of µ excluding 0 and i
# (when n is even).
Let M consist of one element from each of the transpositions in µ. We give
the number of cyclic ∆-self-orthogonal Fq-linear Fq2-codes in the following
Theorem.
Theorem 3 When t = 2, the number of cyclic ∆-self-orthogonal Fq-linear
Fq2-codes of length n is as follows, where gcd(n, q) = 1.
a′
∏
i∈J
(qdi/2 + 2)
∏
j∈M
(3qdj + b′),
where a′ = 2 with n odd, a′ = 4 with n even, b′ = 6 if di is odd and b
′ = 2 if
di is even.
Proof The trick of the proof is to count the number of subcodes Ci when
µ(i) = i and subcodes pairs (Ci, Cµ(i)) when µ(i) 6= i in Theorem 2. Let Mi
be the number of distinct Ki-subspaces Ci of Ji satisfying Ci ⊆ C
(∆)
i , where
i ∈ J. Let Mj be the number of distinct pairs (Cj , Cµ(j)), where j ∈M, Cj is a
Kj-subspace of Jj and Cµ(j) is a Kµ(j)-subspace of Jµ(j), satisfying Cj ⊆ C
(∆)
j
and Cµ(j) ⊆ C
(∆)
µ(j). Then, by Theorem 2, the number of distinct cyclic ∆-self-
orthogonal Fq-linear Fq2 -codes of length n is
{
4
∏
i∈JMi
∏
j∈MMj , if n is even,
2
∏
i∈JMi
∏
j∈MMj , if n is odd.
It is straightforward to show that Mi = q
di/2 + 2 for i ∈ J, Mj = 3q
dj + 6 for
di is odd and j ∈ M and Mj = 3q
dj + 2 for di is even and j ∈ M. The proof
is completed.
4.2 Cyclic ∆-self-dual Fq-linear Fq2 -codes
Using Theorem 2, we determine the bases of all cyclic ∆-self-dual Fq-linear
Fq2 -codes of length n in the following Theorem. By Theorem 1, dimKiCi +
dimKµ(i)Cµ(i) = t = 2 for 0 ≤ i ≤ s − 1. In particular, if µ(i) = i, then
dimKiCi = 1 and if µ(i) 6= i, by Theorem 2, we have Cµ(i) = C
(∆)
µ(i).
Theorem 4 Let C be a cyclic Fq-linear Fq2-code of length n. If C = C0⊕C1⊕
· · · ⊕ Cs−1, where Ci = C ∩Ji for all 0 ≤ i ≤ s− 1, then C is cyclic ∆-self-dual
when the following hold.
(i) When i = 0 or, if n is even, i = i#, then Ci is a 1-dimensional Ki-subspace
of Ji with basis {ρi,0(X)
k}, where k = 0 when q is even and k = q+12 when q
is odd.
(ii) When i 6= 0, i 6= i#, µ(i) = i and τ1,−1(Ii,0) = Ii,0, then Ci is 1-
dimensional over Ki with basis {ei,0(X) + ρi,1(X)
k}, where k = (qdi/2 − 1)m
for 0 ≤ m ≤ qdi/2.
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(iii) When i 6= 0, i 6= i#, µ(i) = i and τ1,−1(Ii,0) = Ii,1, then Ci is 1-
dimensional over Ki with bases {ei,0(X)}, {ei,1(X)} and {ei,0(X)+ρi,1(X)
k},
where k = (qdi/2 + 1)m for 0 ≤ m ≤ qdi/2 − 2.
(iv) When µ(i) 6= i and di is odd,
(a) if Ci = {0}, then Cµ(i) = Jµ(i);
(b) if Ci = Ji, then Cµ(i) = {0};
(c) if Ci is 1-dimensional over Ki with basis {ρi,0(X)
k}, where 0 ≤ k ≤
qdi , then Cµ(i) is 1-dimensional over Kµ(i) with basis {ρµ(i),0(X)
k′}, where
k′ = k = 0 or k′ = qdi + 1− k for 1 ≤ k ≤ qdi .
(v) When µ(i) 6= i and di is even,
(a) if Ci = {0}, then Cµ(i) = Jµ(i);
(b) if Ci = Ji, then Cµ(i) = {0};
(c) if Ci is 1-dimensional over Ki with basis {a(X)}, then Cµ(i) is 1-
dimensional over Kµ(i) with basis {a
′(X)}, where a′(X) = eµ(i),0(X)+ρµ(i),1(X)
k′
when a(X) = ei,0(X) + ρi,1(X)
k with k′ = k = 0 or k′ = qdi − 1 − k for
1 ≤ k ≤ qdi − 2.
Proof The result follows immediately by Theorem 2.
When t = 2, similarly, we give the number of cyclic ∆-self-dual Fq-linear
Fq2 -codes in the following Theorem.
Theorem 5 When t = 2, the number of cyclic ∆-self-dual Fq-linear Fq2-codes
of length n is as follows, where gcd(n, q) = 1.
∏
i∈J
(qdi/2 + 1)
∏
j∈M
(qdj + b′),
where b′ = 3 if di is odd and b
′ = 1 if di is even.
Proof The proof of this result is quite similar to Theorem 3, and so is omitted.
5 An example
In this case, we have q = p = 3, t = 2 and n = 7. Then t = 2am and
Q = 2a−1 = 1, where a = 1,m = 1. Let F32 = F3[X ]
/〈
X2 + 2X + 2
〉
, where
X2+2X+2 is a primitive polynomial over F3[X ]. Let ω be a root ofX
2+2X+2,
it is trivial to see that ω is a primitive element of F32 with ord(ω) = 3
2−1 = 8.
Thus R
(3)
7 = F3[X ]
/〈
X7 − 1
〉
and R
(32)
7 = F32 [X ]
/〈
X7 − 1
〉
. All distinct
cyclic ∆-self-orthogonal and cyclic ∆-self-dual F3-linear F32-codes of length 7
and their enumeration can be given in the following Steps.
Step 1 Factorize X7 − 1 =
∏1
i=0mi(X), where m0(X) = X − 1 = X + 2
and m1(X) = X
6 + X5 + X4 + X3 + X2 + X + 1 are monic irreducible
polynomials over F3[X ]. Let F36 = F3[X ]
/〈
X6 + 2X4 +X2 + 2X + 2
〉
, where
X6 + 2X4 + X2 + 2X + 2 is a primitive polynomial over F3[X ], and η be a
root of X6 + 2X4 +X2 + 2X + 2, then we have ord(η) = 36 − 1 = 728. Thus
η′ = η104 is a primitive 7th root of unity over F36 .
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According to Lemma 2 (i), as C
(3)
0 = {0} and C
(3)
1 = {1, 2, 3, 4, 5, 6}, it is
not difficult to find that l0 = 0, l1 = 1, d0 = degm0(X) = |C
(3)
l0
| = 1 and
d1 = degm1(X) = |C
(3)
l1
| = 6. Furthermore, we have m0(X) ↔ C
(3)
l0
= C
(3)
0
and m1(X)↔ C
(3)
l1
= C
(3)
1 . That is,
m0(X) = X − 1 = X − (η
104)0
and
m1(X) = X
6 +X5 +X4 +X3 +X2 +X + 1
= (X − (η104)1)(X − (η104)2)(X − (η104)3)(X − (η104)4)
·(X − (η104)5)(X − (η104)6)
= (X − η104)(X − η208)(X − η312)(X − η416)(X − η520)(X − η624).
Step 2 By computer systems Maple and Magma (http://magma.maths.us
yd.edu.au/calc/), it is easy to verify that m0(X) = X − 1 = M0,0(X) and
m1(X) = X
6 + X5 + X4 + X3 + X2 + X + 1 = M1,0(X)M1,1(X), where
M1,0(X) = X
3 + ωX2 + ω7X + 2, M1,1(X) = X
3 + ω3X2 + ω5X + 2 and
M0,0(X), M1,0(X) ,M1,1(X) are monic irreducible polynomials over F32 [X ].
So, by Lemma 2 (ii) and (iii), we have s0 = 1, s1 = 2 and X
7 − 1 =∏1
i=0
∏si−1
j=0 Mi,j(X).
Since Mi,j(X) ↔ C
(32)
li3j
, M0,0(X) ↔ C
(32)
l030
= C
(9)
0 = {0}, M1,0(X) ↔
C
(32)
l130
= C
(9)
1 = {1, 2, 4} and M1,1(X)↔ C
(32)
l131
= C
(9)
3 = {3, 5, 6}. That is,
M0,0(X) = X − 1 = X − (η
104)0,
M1,0(X)
= X3 + ωX2 + ω7X + 2 = (X − (η104)1)(X − (η104)2)(X − (η104)4)
= (X − η104)(X − η208)(X − η416)
and
M1,1(X)
= X3 + ω3X2 + ω5X + 2 = (X − (η104)3)(X − (η104)5)(X − (η104)6)
= (X − η312)(X − η520)(X − η624).
Step 3 By Lemma 2 (iv) and (v), we haveR
(3)
7 = K0⊕K1, where K0 is the
ideal of R
(3)
7 generated by mˆ0(X) = (X
7 − 1)
/
m0(X) = X
6+X5+X4+X3+
X2+X+1 denoted by K0 = 〈X
6+X5+X4+X3+X2+X+1〉 ∼= F3d0 = F3.
Similarly, we have K1 = 〈X + 2〉 ∼= F3d1 = F36 .
As Di = di/si for 0 ≤ i ≤ 1, D0 = 1 and D1 = 3. Then, similarly, we have
R
(32)
7 = I0,0 ⊕ I1,0 ⊕ I1,1, where I0,0 = 〈(X
7 − 1)
/
M0,0(X)〉 = 〈X
6 +X5 +
X4+X3+X2+X+1〉 ∼= F32D0 = F32 , I1,0 = 〈X
4+ω5X3+2X2+ω7X+1〉 ∼=
F32D1 = F36 and I1,1 = 〈X
4 + ω7X3 + 2X2 + ω5X + 1〉 ∼= F32D1 = F36 . In
addition, we have J0 = I0,0 and J1 = I1,0 ⊕ I1,1.
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Step 4 By Wan [13] and computer systems Maple and Magma, we can
obtain non-zero idempotents ei,j(X) of Ii,j , where 0 ≤ i ≤ 1 and 0 ≤ j ≤ si−1.
That is,
e0,0(X) = X
6 +X5 +X4 +X3 +X2 +X + 1,
e1,0(X) = ω
5X6 + ω5X5 + ω7X4 + ω5X3 + ω7X2 + ω7X
and
e1,1(X) = ω
7X6 + ω7X5 + ω5X4 + ω7X3 + ω5X2 + ω5X.
It is easy to show that ei,j(X) is the identity of Ii,j for 0 ≤ i ≤ 1 and
0 ≤ j ≤ si − 1.
It is easy to verify that η and η243 are primitive elements of finite field F36 .
As I0,0 ∼= F32 , I1,0 ∼= F36 and I1,1 ∼= F36 , we choose
ρ0,0(X) = ω · e0,0(X) = ωX
6 + ωX5 + ωX4 + ωX3 + ωX2 + ωX + ω,
ρ1,0(X)
= η243 · e1,0(X)
= η243ω5X6 + η243ω5X5 + η243ω7X4 + η243ω5X3 + η243ω7X2 + η243ω7X
and
ρ1,1(X) = η · e1,1(X) = ηω
7X6 + ηω7X5 + ηω5X4 + ηω7X3 + ηω5X2 + ηω5X
are primitive elements of Ii,j satisfying τ3j ,1(ρi,0(X)) = ρi,j(X) for 0 ≤ i ≤ 1
and 0 ≤ j ≤ si − 1.
Step 5 It is easy to show that C
(3)
−l1
= C
(3)
−1 = {1, 2, 3, 4, 5, 6} = C
(3)
1 =
C
(3)
l1
= C
(3)
lµ(1)
, then µ(1) = 1. By Maple andMagma, we verify that τ1,−1(I1,0) =
I1,1.
Let C be a cyclic F3-linear F32-code of length 7 and C
⊥∆ the dual code
of C. We write C = C0 ⊕ C1 and C
⊥∆ = C
(∆)
0 ⊕ C
(∆)
1 , where Ci = C ∩ Ji and
C
(∆)
i = C
⊥∆ ∩Ji for all 0 ≤ i ≤ 1. According to Theorem 2, C is cyclic ∆-self-
orthogonal if and only if for each i (0 ≤ i ≤ 1), the following assertions hold.
(i) When i = 0, then
(a) C0 = {0}, or
(b) C0 is 1-dimensionalK0-subspace of J0 with basis {ρ0,0(X)
2} = {ω2X6+
ω2X5 + ω2X4 + ω2X3 + ω2X2 + ω2X + ω2}.
(ii) When i 6= 0, we have µ(1) = 1 and τ1,−1(I1,0) = I1,1. Then
(a) C1 = {0}, or
(b) C1 is 1-dimensional over K1 with bases {e1,0(X)} = {ω
5X6 + ω5X5 +
ω7X4+ω5X3+ω7X2+ω7X}, {e1,1(X)} = {ω
7X6+ω7X5+ω5X4+ω7X3+
ω5X2 + ω5X} and {e1,0(X) + ρ1,1(X)
k}, where k = 28m for 0 ≤ m ≤ 25.
According to Theorem 3, the number of cyclic ∆-self-orthogonal F3-linear
F32-codes of length 7 is 2 · (3
d1/2 + 2) = 58.
Step 6 By Theorem 4, C is cyclic ∆-self-dual if and only if for each i
(0 ≤ i ≤ 1), the following assertions hold.
(i) When i = 0, then C0 is 1-dimensional K0-subspace of J0 with basis
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{ρ0,0(X)
2} = {ω2X6 + ω2X5 + ω2X4 + ω2X3 + ω2X2 + ω2X + ω2}.
(ii) When i 6= 0, we have µ(1) = 1 and τ1,−1(I1,0) = I1,1. Then C1 is 1-
dimensional over K1 with bases {e1,0(X)} = {ω
5X6+ω5X5+ω7X4+ω5X3+
ω7X2 + ω7X}, {e1,1(X)} = {ω
7X6 + ω7X5 + ω5X4 + ω7X3 + ω5X2 + ω5X}
and {e1,0(X) + ρ1,1(X)
k}, where k = 28m for 0 ≤ m ≤ 25.
According to Theorem 5, the number of cyclic ∆-self-dual F3-linear F32-
codes of length 7 is 3d1/2 + 1 = 28.
A good code By Step 5, we have that C = 〈e1,0(X)〉 = 〈ω
5X6+ω5X5+
ω7X4+ω5X3+ω7X2+ω7X〉 is a cyclic ∆-self-orthogonal F3-linear F32 -code
of length 7. Using Magma, it is not difficult to show that C is a (7, (32)3, 5)
F3-linear F32-code with generator matrix


0 w7 w7 w5 w7 w5 w5
w5 0 w7 w7 w5 w7 w5
w5 w5 0 w7 w7 w5 w7
w7 w5 w5 0 w7 w7 w5
w5 w7 w5 w5 0 w7 w7
w7 w5 w7 w5 w5 0 w7


.
Furthermore, C is a good code which has the same parameters with the best
known linear code [7, 3, 5] over F32 according to the online database [11].
At the end of this example, with the similar manner above, we construct
several good cyclic ∆-self-orthogonal Fq-linear Fq2-codes of length n in Table
1. These codes have the same parameters with the best known linear codes
over Fq2 given in online database [11] or MDS codes over Fq2 . In Table 1, n
is the length of C, (q2)k is the cardinality of C, d is the minimum Hamming
diatance of C and αi are given in Appendix A, where 1 ≤ i ≤ 15.
Table 1 Some good Fq-linear Fq2 -codes
{q, n} The basis of C (n, (q2)k , d)
{2, 11} α1 (11, (22)5, 6)
{2, 19} α2 (19, (22)9, 8)
{3, 7} α3 (7, (32)3, 5)
{3, 19} α4 (19, (32)9, 10)
{5, 7} α5 (7, (52)3, 5)
{5, 23} α6 (23, (52)11, 12)
{7, 11} α7 (11, (72)5, 7)
{7, 23} α8 (23, (72)11, 12)
{11, 23} α9 (23, (112)11, 12)
{13, 11} α10 (11, (132)5, 7)
{13, 19} α11 (19, (132)9, 11)
{17, 7} α12 (7, (172)3, 5)
{17, 11} α13 (11, (172)5, 7)
{19, 7} α14 (7, (192)3, 5)
{19, 11} α15 (11, (192)5, 7)
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6 Conclusions
A new trace bilinear form on Fnqt which is called ∆-bilinear form is given,
where n is a positive integer coprime to q. Then according to this new trace
bilinear form, bases and enumeration of cyclic ∆-self-orthogonal and cyclic ∆-
self-dual Fq-linear Fqt-codes are investigated when t = 2. Finally, we describe a
program to construct cyclic ∆-self-orthogonal and cyclic ∆-self-dual F3-linear
F32-codes of length 7 and obtain some good Fq-linear Fq2 -codes.
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Appendix A
In Table 1,
α1 = ω1X
10+ω1
2X9+ω1X
8+ω1X
7+ω1X
6+ω1
2X5+ω1
2X4+ω1
2X3+
ω1X
2 + ω1
2X + 1,
α2 = ω1X
18 + ω1
2X17 + ω1
2X16 + ω1X
15 + ω1X
14 + ω1X
13 + ω1X
12 +
ω1
2X11+ω1X
10+ω1
2X9+ω1X
8+ω1
2X7+ω1
2X6+ω1
2X5+ω1
2X4+ω1X
3+
ω1X
2 + ω1
2X + 1,
α3 = ω
5X6 + ω5X5 + ω7X4 + ω5X3 + ω7X2 + ω7X,
α4 = ω
5X18+ω7X17+ω7X16+ω5X15+ω5X14+ω5X13+ω5X12+ω7X11+
ω5X10+ω7X9+ω5X8+ω7X7+ω7X6+ω7X5+ω7X4+ω5X3+ω5X2+ω7X,
α5 = ω2
7X6 + ω2
7X5 + ω2
11X4 + ω2
7X3 + ω2
11X2 + ω2
11X + 4,
α6 = ω2
22X22 + ω2
22X21 + ω2
22X20 + ω2
22X19 + ω2
14X18 + ω2
22X17 +
ω2
14X16 + ω2
22X15 + ω2
22X14 + ω2
14X13 + ω2
14X12 + ω2
22X11 + ω2
22X10 +
ω2
14X9+ω2
14X8+ω2
22X7+ω2
14X6+ω2
22X5+ω2
14X4+ω2
14X3+ω2
14X2+
ω2
14X + 2,
α7 = ω3
41X10+ω3
47X9+ω3
41X8+ω3
41X7+ω3
41X6+ω3
47X5+ω3
47X4+
ω3
47X3 + ω3
41X2 + ω3
47X + 3,
α8 = ω3
35X22 + ω3
35X21 + ω3
35X20 + ω3
35X19 + ω3
5X18 + ω3
35X17 +
ω3
5X16+ω3
35X15+ω3
35X14+ω3
5X13+ω3
5X12+ω3
35X11+ω3
35X10+ω3
5X9+
ω3
5X8 + ω3
35X7 + ω3
5X6 + ω3
35X5 + ω3
5X4 + ω3
5X3 + ω3
5X2 + ω3
5X + 2,
α9 = ω4
99X22 + ω4
99X21 + ω4
99X20 + ω4
99X19 + ω4
9X18 + ω4
99X17 +
ω4
9X16 + ω4
99X15 + ω4
99X14 + ω4
9X13 + ω4
9X12 + ω4
99X11 + ω4
99X10 +
ω4
9X9+ω4
9X8+ω4
99X7+ω4
9X6+ω4
99X5+ω4
9X4+ω4
9X3+ω4
9X2+ω4
9X,
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α10 = ω5
158X10 + ω5
38X9 + ω5
158X8 + ω5
158X7 + ω5
158X6 + ω5
38X5 +
ω5
38X4 + ω5
38X3 + ω5
158X2 + ω5
38X + 4,
α11 = ω5
143X18+ω5
11X17+ω5
11X16+ω5
143X15+ω5
143X14+ω5
143X13+
ω5
143X12 + ω5
11X11 + ω5
143X10 + ω5
11X9 + ω5
143X8 + ω5
11X7 + ω5
11X6 +
ω5
11X5 + ω5
11X4 + ω5
143X3 + ω5
143X2 + ω5
11X + 8,
α12 = ω6
40X6 + ω6
40X5 + ω6
104X4 + ω6
40X3 + ω6
104X2 + ω6
104X + 15,
α13 = ω6
19X10+ω6
35X9+ω6
19X8+ω6
19X7+ω6
19X6+ω6
35X5+ω6
35X4+
ω6
35X3 + ω6
19X2 + ω6
35X + 2,
α14 = ω7
61Y 6 + ω7
61Y 5 + ω7
79Y 4 + ω7
61Y 3 + ω7
79Y 2 + ω7
79Y + 14,
α15 = ω7
331X10 + ω7
169X9 + ω7
331X8 + ω7
331X7 + ω7
331X6 + ω7
169X5 +
ω7
169X4 + ω7
169X3 + ω7
331X2 + ω7
169X + 16,
ω1 is a primitive element of F22 = F2[X ]
/〈
X2 +X + 1
〉
with ord(ω1) =
22 − 1 = 3,
ω is a primitive element of F32 = F3[X ]
/〈
X2 + 2X + 2
〉
with ord(ω) = 32−1 =
8,
ω2 is a primitive element of F52 = F5[X ]
/〈
X2 + 4X + 2
〉
with ord(ω2) =
52 − 1 = 24,
ω3 is a primitive element of F72 = F7[X ]
/〈
X2 + 6X + 3
〉
with ord(ω3) =
72 − 1 = 48,
ω4 is a primitive element of F112 = F11[X ]
/〈
X2 + 7X + 2
〉
with ord(ω4) =
112 − 1 = 120,
ω5 is a primitive element of F132 = F13[X ]
/〈
X2 + 12X + 2
〉
with ord(ω5) =
132 − 1 = 168,
ω6 is a primitive element of F172 = F17[X ]
/〈
X2 + 16X + 3
〉
with ord(ω6) =
172 − 1 = 288
and ω7 is a primitive element of F192 = F19[X ]
/〈
X2 + 18X + 2
〉
with ord(ω7) =
192 − 1 = 360.
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